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Abstract 

We study the principal subspaces, introduced by Feigin and Stoyanovsky, 
of the level 1 standard modules for s[(/ + 1) with I > 2. In this paper we 
construct exact sequences which give us a complete set of recursions that 
characterize the graded dimensions of the principal subspaces of these repre- 
sentations. This problem can be viewed as a continuation of a new program to 
obtain Rogers- Ramanuj an- type recursions, which was initiated by Capparelli, 
Lepowsky and Milas. In order to prove the exactness of the sequences we use 
intertwining vertex operators and we supply a proof of the completeness of 
a list of relations for the principal subspaces. By solving these recursions we 
recover the graded dimensions of the principal subspaces, previously obtained 
by Georgiev using a different method. 

1 Introduction 

The theory of vertex operator algebras ([B], [FLM] . |FHLj : cf. [LL] ) is a rich subject 
which provides, among many other things, constructions of affine Lie algebras. In 
the first vertex operator constructions, affine Lie algebras of type A, D and E, 
twisted by the principal automorphism of the underlying finite-dimensional simple 
Lie algebra, were realized by means of certain "twisted vertex operator" ( }LW1] . 
[KKLWj : see also [L]). In [FKj and [S], the untwisted affine algebras of types 
A^^\ and E^^^ were represented using the "untwisted vertex operators" of 
dual-string theory. This point of view was generalized and worked out in detail for 
all the standard s[(2)-modules in |LW2j - [LW4] . where the 2-algebra program was 
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initiated. As a consequence of the 2-algebra theory, a proof of the classical Rogers- 
Ramanujan identities was given and the Gordon-Andrews-Bressoud identities were 
interpreted. These last identities were proved later in this spirit in |MPlj . Much 
work has been done in these directions (see e.g. |LP2j . |Ca| and [MP2| ). 

The sum sides of the two classical Rogers- Ramanuj an identities are special- 
izations of the solution of the Rogers- Ramanuj an recursion (see the treatment in 
Chapter 7 of [A]). By studying certain substructures, called the principal sub- 
spaces, of the level 1 standard s[(2)-modules, Capparelli, Lepowsky and Milas 
recovered in [CLMl] the Roger s-Ramanuj an recursion and the graded dimensions 
(the generating functions of the dimensions of the homogeneous subspaces) of these 
subspaces. In |CLM2| they obtained the Rogers-Selberg recursions and showed 
that the graded dimensions of the principal subspaces of the level k > 1 standard 
sl(2)-modules satisfy these recursions. In this paper we extend their approach to 
the principal subspaces of the level 1 standard modules for 5l{l + 1), where I > 2. 
An announcement of some of the results proved in this paper is presented in |C2] . 
In |C3j we raise and solve similar problems for the principal subspaces of the level 
k > 1 standard modules for s[(3). 

The principal subspaces of the standard s[(Z + l)-modules were introduced and 
studied by Feigin and Stoyanovsky in [FSl] and [FS2| . and studied further by 
Georgiev in |G1] . These subspaces are generated by the affinization of the nilpo- 
tent subalgebra of 5l{l + 1) consisting of the strictly upper triangular matrices 
and denoted by n. Feigin and Stoyanovsky showed that the duals of the principal 
subspaces are described in terms of symmetric polynomial forms not vanishing on 
certain hyperplanes. In this way they obtained the graded dimensions of the prin- 
cipal subspaces of the vacuum standard representations for sl(2) and s[(3). Also, in 
the sl{2) case, they expressed these graded dimensions in a different way, by using 
a geometric argument, and this led to the Rogers-Ramanujan and Gordon iden- 
tities. On the other hand, Georgiev computed differently the graded dimensions 
of the principal subspaces of certain standard sl{l + l)-modules. He constructed 
combinatorial bases which are given in terms of partitions involving a color j for 
each simple root aj (1 < j < /) and a charge s, 1 < s < k (k being the level of the 
module) such that the parts of the same color and charge satisfy certain difference 
conditions. In the same program we would also like to mention [P], where Prime 
introduces Feigin-Stoyanovsky-type principal subspaces and constructs bases of 
them. Also, in |ARSj Ardonne, Kedem and Stone use the principal subspaces to 
give formulas for the g-characters of arbitrary standard s[(/ + l)-modules. 

We consider the definition of the principal subspaces W{Ai) from |FSlj and 
|FS2] . namely W{Ai) = U{n) ■ va,, where n = n (g) C[t,t^^] and Aj and v\. are the 
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highest weights and highest weight vectors of the level 1 standard representations 
L(Aj) of sl{l + 1) for i = 0, . . . ,1. Of course, this definition works for any high- 
est weight module. The space W{Ai) can be identified with the quotient space 
U{n)/I\^, where /a, is the annihilator of in U(n). In [FS2j a result was an- 
nounced describing these ideals (at least for the principal subspace of the vacuum 
representation L{Aq)), thus giving a presentation of the principal subspaces. In 
this paper we denote by U{n) the completion of the universal enveloping algebra 
U{n) in the sense of [LWS] or [MPl] . 
We consider the formal infinte sums 

^t^ = X] Xaj{mi)Xa^{m2), 
m\+m2=t 

where t £ 1j and j = 1, . . . ,1. Here we view as elements of U{n). Denote by 
J' the two-sided ideal of U{n) generated by the elements -Rp' for all t € Z and 
j = 1, . . . ,L We also consider n+ the subalgebra n (8> C[t] of s[(/ -|- 1). In this paper 
we prove the following result: 

Theorem 1 The annihilator of the highest weight vector of L{Aq) in U{n) is 
described as follows: 

Iaq = J modulo C/(n)tT+. 
Moreover, for the principal subspaces W{Aj) we have: 

= J + U{n)xaj{ — 1) modulo U{n)n+, 

where j = 1, . . . ,1. 

This theorem describes the left ideals I\. of U{n), and thereby gives a presen- 
tation of the principal subspaces W{Aj) for j = 0, . . . , L 

More recently, a different proof of Theorem 1 has been given in |CalLM4j , which 
is part of an ongoing research program. New ideas have been used in [CalLMl] 
and [CalLM2] to give a presentation of the principal subspaces associated to the 
standard modules for s[(2), and extended in [CalLM3] and [CalLM4] . 

By using Theorem 1 and intertwining vertex operators in the sense of |FHL] 
and |DL] , in this paper we find exact sequences for the principal subspaces of the 
standard sl{l + l)-modules: 

Theorem 2 The following sequences of maps between principal subspaces are ex- 
act: 

W{Ai) i ly(Ao) ^^^•''^ W{Ai) 0, 
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W{A2) ^ W{Ao) ^^^'"^ W{A2) 0, 

W{Ai) ^ WiAo) ^^^'"^ W{Ai) 0. 

We refer to Section 2 for the linear maps yc{ex.,x) corresponding to intertwining 
operators. See Section 4 for the maps e'^'' , where A-^ are certain weights. 

Let us denote by Xoi^i, ■ ■ ■ ,xi;q) the graded dimension of W{Aq) with respect 
to certain natural weight and charge gradings, which are compatible. The main 
consequence of the exactness of the sequences is: 

Theorem 3 The graded dimension of the principal suh space Ty(Ao) satisfies the 
following recursions: 

Xq{xi, ...,xi;q)= Xo{xiq, X2, X3, . . . , rc/; q) +xiqxo{xiq'^ , X2q~^, X3, . . . , xi_i,xi; q), 
Xoixi, ...,xi;q)= Xoixi,X2q, X3, . . . , xi; q) + X2qxo{xiq'^ ,X2q^ , x^q~^ , . . . , x/; g), 

Xq{xi, ...,xi;q)= Xo{xi,X2,X3, . . . , xiq; q) + xiqxo{xi,X2, X3, . . . , x^g^; q). 

These recursions can be reformulated in terms of the Cartan matrix as follows: 
Xoixi,... ,xi;q) = xo{xi, ... ,{xjq) 2 ,xi;q) 

where A = (aij)i<ij<i is the Cartan matrix of 5[(/ + 1). 

Solving the recursions from Theorem 3 we obtain the graded dimension of 
W{Ao), and consequently the graded dimensions of all the principal subspaces of 
the level 1 standard modules for s[(/ + 1). 

The main feature of our strategy and results is understanding the nature of 
the vertex-algebraic structure involved in the construction of the exact sequences 
which give recursions. 

We would like to mention that certain recurrence relations for the characters of 
the standard modules L(A;Ao) of any A, D, E type Lie algebra have been obtained 
in [CUMj . 
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Although in this paper we concentrate on the case s[(/ + 1), the generalization 
to affine algebras of type D and E is possible and this will be the subject of a 
future publication. 

The paper is organized as follows. In Section 2 we recall the vertex oper- 
ator construction of the level 1 standard s[(/ + l)-modules and the construction 
of distinguished intertwining operators associated with the standard modules. 
Section 3 provides a proof of a presentation of the principal subspaces of these 
modules. In Section 4, the main section of this paper, we construct exact se- 
quences using intertwining operators, find Rogers- Ramanujan-type recursions sat- 
isfied by the graded dimension of W{Aq) and obtain the graded dimensions of 
W{Ao),W{Ai),...,W{Ai). 

This paper is part of the author's Ph.D. dissertation written under the direction 
of James Lepowsky at Rutgers University. 

Acknowledgement. I want to acknowledge my deepest gratitude to James 
Lepowsky for introducing me to this area of research, for his enthusiasm and his 
inspiring guidance. I thank James Lepowsky and Antun Milas for suggesting many 
improvements upon earlier versions of this paper. 



2 Vertex operator constructions associated with stan- 
dard modules 

In this section we recall the vertex operator construction of the level 1 standard 
sl{l + l)-modules for Z > 1 ( [FK| and [S]). We also review the vertex operator alge- 
bra and module structures ([B], [FLM] ) associated to the level 1 standard modules 
and the construction of certain intertwining operators among these modules ( |DLj 
and [FHL]). We work in the setting of [FLM] (cf. [LL]). 

Let Q be the finite-dimensional complex Lie algebra s[(Z -|- 1) and let f) be the 
Cartan subalgebra of diagonal matrices. We denote by 11 = {ai, ...,«;} the set of 
simple (positive) roots, and by A_|_ (respectively, A_) the set of positive (respec- 
tively, negative) roots of g. Set A = A_|_UA_. Denote by (•, •) the normalized stan- 
dard symmetric invariant nondegenerate bilinear form such that {a, a) =2 for any 
simple root a of g. For each root a fix a root vector Xq,. We fix {xa}a<^i^ U {hai}\=i 
a Chevalley basis of g. Under our identification we have h^. = ai for i = 
The subalgebra Yl\=i C/ia^ of g is the Cartan subalgebra [} mentioned before. We 
identify f) ^ f)* via (•, •). 

Let Q = and P = ZAj be the root and weight lattices, where 

Aj are the fundamental weights of g ((Aj, aj) = 5ij for any i, j = 1, . . . , /). 

It is known that there is a central extension of P (and by restriction this gives 
a central extension of Q) by a finite (cyclic) group of roots of unity, which we 
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denote by A, satisfying the following condition: 

e(a,/3)e(/3,a)-i = (-1)^"'^) for a,PeQ, 

where 

e:PxP — >A (2.1) 
is a 2-cocycle corresponding to the extension. Set 

c(A,/i) = e(A,^)e(/i,A)"^ for X, fi e P. (2.2) 

This is the commutator map of the central extension (cf. [FLM] . |DL| and [LLj ) . 
We shall often be working with the positive nilpotent subalgebra of q, 



n= Cx„, (2.3) 



+ 



which can be viewed as the subalgebra of g consisting of the strictly upper trian- 
gular matrices. 

Now we consider the untwisted affine Lie algebra associated to g, 

Q = g^C[t,t-^]®Cc, (2.4) 
where c is a nonzero central element and 

[x ® t"", y t"] = [x, y] ® + m{x, y)5m+nfiC (2.5) 

for any x,y & g and m,n G By adjoining the degree operator d {[d,x(^t™'] = m, 
[d, c] = 0) to the Lie algebra g one obtains the affine Kac-Moody algebra q = g® Cd 

(cf. H). 

Let us introduce the following subalgebras of g: 

tx = C[t,t~^], (2.6) 

S+=n0C[t], (2.7) 
^ = [) ® C[t,t~^] ® Cc (2.8) 

and 

XJ t)(g)t"'®Cc. (2.9) 
mez\o 

The latter is a Heisenberg subalgebra of g in the sense that its commutator subalge- 
bra is equal to its center, which is one-dimensional. The form (•, •) on [) extends nat- 
urally to t)©Cc®Cd. We shall identify [}®Cc®Cd with its dual space (t)©Cc®Cd)* 
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via this form. The simple roots of g are ao,ai, . . . ,ai S (f) ® Cc© Cd)*. We define 
Ao, . . . , A; € ([) © Cc © Cd)* by: (Aj, aj) = 6ij, (Aj, c) = 1 for f, j = 0, . . . , /, and 
(Ao,d) = 0, (Aj,(i) = — l/2(Aj,Aj) for i = 1, . . . , /. These are the fundamental 
weights of 0. Set L{Ao), . . . , L(A/) the standard g-modules of level 1 with highest 
weight vectors f Aq , ■ ■ ■ , vp^^ . These modules are also called the integrable highest 
weight 0-modules of level 1 (cf . [K| ) . 

Prom now on we will write x{m) for the action of x ® on any g- module, 
where x € g and m € Z. Sometimes we will write x{m) simply for the Lie algebra 
element x © t"*. It will be clear from the context whether x{m) is an operator or 
an element of g. 

We form the induced [)-module 

M(l) = U(bi) ©c/(f,$5C[t]®Cc) C, 

such that f)©C[t] acts trivially and c acts as identity on the one-dimensional module 
C. As a vector space, M[l) is isomorphic to the symmetric algebra S{i)~), where 
f)~ = f) © t~"'^C[t^"'^]. The operators a(n), n < act as mutiplication operators, the 
operators a(n), n > act as certain derivations and c acts as identity. Consider 
C[(5] and C[P] the group algebras of the lattices Q and P with bases {e"|a G Q} 
and {e^|A G P}. Set 

Vp = M(l)©C[P], 
Vq = M{1)®C[Q], 

and 

Vqe^^ = M(l) © C[Q]e^^ , j = l,...,l. 
Of course, it is true that 

Vp = Vq © Vge^i © • • • © Fge^'. 

The vector space Vp is equipped with certain structures. It has a structure of 
C[P]-module, so that with A € P acts as the operator 

= 1 © e-^ G End Vp. 

By abuse of notation we shall often write instead of 1 © e^. In this paper, by 
we mean either an operator or a vector of Vp, depending on the context. Also, 
Vp is an ()-module, such that the operators 0(0) and a{n) for n ^ act as follows: 

a{0){v(g)e^) = (a,A)(w©e^), 

a{n){v e^) = a{n)v ® e^, n/0 
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for a G [) ~ [)* , w G M(l) and A G P. 

Let x,xq,xi,X2, . . . be commuting formal variables. For /3 G P we define x^ G 
(End Vp){x} (thought of as by 

x^{v^e^) = x^^'^^v ® e^), 

where v G M{1) and A G P. By (End Vp){x} we mean the space of all formal series 
with complex (rather than integral) powers of x and with coefficients in End Vp . 
For every A G P set 

Y{e^,x) = E~{-X,x)E+{-X,x)exe^x^, (2.10) 

an End Vp- valued formal Laurent series, where E^{—X,x) are defined as follows: 

-A(n) 



^±(-A,x) = exp 



-X 



n 

±n>l 



and 

exef = e{X,P)e'' 

for all a,P (z P (recall (|2.ip ). More generally, for a generic homogeneous vector 
w &Vp of the form 



w = 

i=l 



hi{—ni) (g) e'**, hi ^l), A G P and > 1 
set 

l'(^n/..(-n.)0e\x^ =:n(^^^^(^)"' \,{x)^ Y{e\x) : . (2.11) 



Here hi{x) = Ylmel hi{n)x " and :• : stands for a normal ordering operation. 

There is a natural s[(/ + l)-module structure on Vp and this result is stated 
below. 

Theorem 2.1 (WE^ . 0/; c/. \FLM^ ) The vector space Vp is an sUj+1) -module 
of level 1. The action XQ,(m) of Xa (8) i™' for a root a and m ^ Z is given 
by the coefficient of x~"^~^ in y(e",a;). Moreover, the direct summands Vq, 

Vqc'^^ , . . . jVqc^'- of Vp are the standard 5l{l + 1) -modules of level 1 with high- 
est weights Aq, Ai,...,A; and highest weight vectors waq = 1 <X) Ij^Ai = 1 (8) 
e^i , . . . , UA, = l0e^K 
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We shall write 

VAo = 1 and VA^ = e^' (2.12) 

for i = 1, . . . , /. 

For the sake of completeness we recall the following relations among the oper- 
ators introduced above: 

Proposition 2.1 (cf. [LL]) On Vp we have 

[a(n),x^]=0, (2.13) 

[a{n),e^]=5nfl{aA)e^ (2.15) 

and 

Xo,{m)e^ = e^Xo,{m + {a,\)) (2.16) 
for any X, P £ P, a € f] — ()* and m,n £ Z. 

Now we recall the notion of vertex operator algebra, of module for such a 
structure and of intertwining operator among given modules. We refer to |FLMj . 
[FHL| and |DLj (see also [B], [LLj ) . In particular, a vertex operator algebra is a 
vector space V equipped with a vertex operator map 

Y{-,x):V — > (End V)[[x,x-^]] 

V ^ Y{v,x) = t'nX"""'*', 

a vacuum vector 1 and a conformal vector uj, such that the vector space V has a Z- 
grading truncated from below with the homogeneous subspaces finite-dimensional, 
and such that the axioms given in |FLMj hold. The conformal vector uj gives rise 
to the Virasoro algebra operators L(n), n G Z: 

y(a;,x) = ^L(n)x-"-2, 

nGZ 

and the Z-grading of V coincides with the eigenspace decomposition given by the 
operator L{0). 

A module for the vertex operator algebra F is a vector space W equipped with 
a vertex operator map 

Y{-,x):V — > (End W)[[x,x~^]], 
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such that ah the axioms in the definition of the vertex operator algebra that make 
sense hold, except that the grading on W is allowed to be a Q-grading rather than 
a Z-grading. 

Suppose that Wi, W2 and W3 are modules for the vertex operator algebra V. 
An intertwining operator of type 



is a linear map 



W2 W3 



y{-,x):W2 BomiW3,Wi){x} 



w 



y{w,x) = ^WnX " ^ 



that satisfies all the defining properties of a module that make sense. The main 
axiom is the Jacobi identity: 



Xq^S (~~^^^ Y{u,xi)y{wi,X2)w2 



-Xq 6 y{wi,X2)Y{u,xi)w2 

X2^S ("'V""^) ^0^('"-^^o)wi,X2)w2 



(2.17) 



for u & V , wi G W2 and 11)2 € W3. 



Remark 2.1 JFHL^ If the modules Wi, W2 and W3 are irreducible (or indecom- 
posable) then for any w G W2 we have y{w,x) G 3;*Hom(W3, T^i) [[x, where 
s is a certain rational number. In this paper we will use intertwining operators 
among standard g-modules for which s will be an integer. 

The standard modules Vq and Vqe^^ for j = 1, . . . , / are endowed with natural 
vertex operator algebra and module structures. 

Theorem 2.2 (fE^, \FLM^ ) The formulas 112. 10\) and i2.11\) give a vertex operator 
algebra structure on Vq, and a Vq-module structure on Vp. The vertex operator 
algebra Vq is simple and Vge"^^, . . . , Vqc^' are the irreducible modules for Vq (up 
to equivalence). 
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From now on we will identify the standard modules as follows: 

Vq~L(Ao), I/qc^i ~L(Ai),...,yQe^' ~L(A0. (2.18) 

We now discuss intertwining operators for the vertex operator algebra L(Ao) 
and its standard modules L(Ao), -L(Ai), . . . , L(A;). See Chapter 12 of |DL| for 
a detailed treatment. In order to construct intertwining operators one needs to 
define two operators e^'^^ and c(- , A) on Vp by: 

c(- , \){v ® e^) = c(/3, \)v ® e^, 

where v G -M^(l) and /3,X P (recall the commutator map ()2.2p ). Let r,s,p € 
{0,...,l}. Then 

yi;x) : LiAr) Hom(L(A,),L(Ap)){x} (2.19) 
w ^ y{w,x) =Y{w,x)e'''^'c{;Xr) 

defines an intertwining operator of type 

We denote by V^'' ^ the vector space of the intertwining operators of type (j2.20p . 
Set 

ivf^p — Him V^'' 

These numbers are called fusion rules or fusion coefficients. It is known that 
KrAs + and in fact iV;^;^^^ = 1, if and only if p = r + s mod (/ + 1) (cf. fDLj). 
The fact that all fusion rules in this situation are either zero or one follows also by 
using [Li] since the modules L(Ao), . . . ,-L(Ai) are simple currents. 

In their work, Capparelli, Lepowsky and Milas ( |CLM1| - |CLM2j ) . and Georgiev 
( |Glj ) used certain linear maps associated with intertwining operators. Similar 
maps will play an important role in our paper. 

For any j = 1, . . . , / we consider nonzero intertwining operators 

y{-,x) : L(A,-) ^Hom (L(Ao), L(A,-))[[x, x-^]] 

(note that N^^, = 1 cf [PL] ). Also, y{-,x) involves only integral powers of a; (cf. 
Remark 5.4.2 of |FHL] ). In particular, we have a map 

3^(e^^x) : L(Ao) L{Aj)[[x,x-% (2.21) 
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We denote the constant term (the coefficient of x*^) of y{e^^ ,x) by yde'^^^x). 
This map sends uaq = 1 to a nonzero multiple of v\j = e^K In this paper we 
normalize 3^(e^^ , x), if necessary, so that 

yc{e^\x)vK,,=VK^. (2.22) 

If we take it = e" (for any positive root a) and wi = e^^ (for j = 1, . . . ,1) in 
the Jacobi identity (I2.17P and then apply ReSa;^ we obtain 

[y(e°,xi),3^(e^%X2)] =0, (2.23) 

which means that each coefficient of the series y{e^^ , x) commutes with the action 
of n. In particular, this is true for the constant term 3^c(e'^J , x): 

[y(e",x),3^,(e^^x)] =0. (2.24) 

See [DL], [GT], [CLMlj and [CLM2| for further discussion. 

3 Principal subspaces 

The principal subspaces of the standard modules L{Ki)^ i = 0, . . . , / for 5[(/ + 1) 
were introduced and studied by Feigin and Stoyanovsky in |FS1| - [FS2] . and later 
by Georgiev in |Glj . They are generated by the affinization of the subalgebra n of 
5[{l + 1) consisting of the strictly upper triangular matrices (recall (|2.3p ). These 
principal subspaces, denoted by W{Ai), are defined as follows: 

W{K) = U{n)-VK^, (3.1) 

where v^^ are highest weight vectors of the standard modules L{Ki). By (I2.12|) we 
also have 

W{K,) = U{xv)-e^\ (3.2) 
For z = 0, . . . , Het us consider the natural surjective maps 

/a, :C/(S) W{K) (3.3) 
a ^ a • -UA, . 

We denote by the annihilators of the highest weight vectors v^^^ in U (n) : 

/a, =Ker/A, (3.4) 

These are left ideals in the associative algebra U{n). The aim of this section is 
to give a precise description of the ideals /a^- This is equivalent with finding a 



12 



complete set of relations for W{Ai), and thus with a presentation of these principal 
subspaces. This question was raised and discussed partially in [FS2 ]. The presen- 
tation of the principal subspaces will play a key role in the process of obtaining 
recursions for the graded dimensions of W{Ai). 

Denote by U{n) the completion of U{n) in the sense of |LW3j or |MP1| . Recall 
from Theorem 12.11 the operators Xa^ {ni), the images of Xa^ ^ t"^, for j = 1, . . . ,1 
and m G Z. We consider the following formal infinite sums: 

-^F' = X] Xaj{mi)Xajim2) (3.5) 
mi+m2=t 

for t G Z and j = 1, . . . ,1, which act naturally on any g-module. Denote by J the 
two-sided ideal of U{n) generated by R^^ for t € Z and j = I, . . . ,1. Let m be an 
integer, possibly positive. To prove the presentation result it will be convenient to 
take mi,m2 < m, so that we truncate (|3.5p as follows: 

Rt-}n= Yj Xa^{mi)xo,^{m2). (3.6) 

mi, 1712 < m, 
mi -|- m2 = t 

We shall often view R^-l^ as elements of U{n), rather than as endomorphisms of a 
0-module. In general, it will be clear from the context when expressions such as 
(j3.6p are understood as elements of a universal enveloping algebra or as operators. 

It is well known that the vector spaces L(Aj) are graded with respect to a 
natural action of the Virasoro algebra operator L(0), usually referred to as grading 
by weight (cf. [LLj ) . For any integer m and any root a, 

wt XQ,(m) = —m, (3.7) 

where Xa{ni) is viewed as either an operator or as an element of U{n). In particular, 
U{n) is graded by weight. For any A € P we have 

wte^ = ^(A,A). (3.8) 

In particular, 

wt = and wt ?;a^ = -^{^j, Aj) (3.9) 

for all J = 1, . . . , / (recall (|2.12|) ). See |LLj for further details and background. 
We will restrict the weight gradings to the principal subspaces VF(Aj). We have 

ly(Ao) = J] W{Ao)k (3.10) 
fcez 
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and 

m) = IIm-)fc+l(A,,A,)> (3-11) 



where j = 1, . . . ,1 and W{Ao)k and W{Aj)i^_^i^)^, are the subspaces generated 
by the homogeneous elements of weight k and A; + wt v/\_. , respectively. 

Remark 3.1 We have 

L(0)/a, C /a, (3.12) 
for i = 0, . . . , Z. Also, for any j = 1, . . . ,1 and t,m £ Z, r\^1^ has weight —t: 

^(O)Mfm = -^-^Ifin- (3.13) 

Also 

L{0)R? = -tR\^\ 

We now prove the completeness of the list of relations for the principal sub- 
spaces in the s[(3)-case. We restrict to this case / = 2 for notational reasons only. 
The proof of the corresponding theorem in the general case of s[(^ + 1) is essen- 
tially identical, and we discuss it at the end of this section. From now on until 
further notice we take / = 2 and we analyze the principal subspaces W{Ai) of the 
standard s[(3)-modules L{Ai) for i = 0,1, 2. It will be clear that the next results 
have obvious generalizations in the case I > 2, and that their proofs imitate the 
proofs of the results from the case 1 = 2. 

The next theorem describes the left ideal /aq of U (n) and it was initially stated 
in [FS2j . It also gives a precise description of the left ideals and of U (n) 
(recall (|3.4p for the notation). 

Theorem 3.1 The annihilators of the highest weight vectors of L{Ai) for i = 
0, 1, 2 in U{n) are described as follows: 

Iao = J modulo ?7(sjfi+, (3.14) 

Ia^ = J + U{n)xaA-'^) modulo t/(S)fi+, (3.15) 

and 

Ia2= J ^'U{^)xc,^{-\) modulo t/(sjfi+, (3.16) 
where J is the two-sided ideal of C/(n) generated by r\^^ and for t G Z. 



14 



In order to prove this theorem we need certain results which wih be proved 
first. 

We set S = {xa2 , , Xai+ai}^ ^ basis of the Lie subalgebra n = Cx^^ ©Cxcg © 
Cxai+a2- We order the elements of 05 as follows: 

Xa2 ^ ^ai ^ ■^cii+CK2' 

Set *B = {x{n) | x G 03, n G Z}, so that *B is a basis of the Lie algebra n. We 
choose the following total order ^ on ?B: 

xi{h) ^ X2{i2) iff xi -< X2 or xi = X2 and ii <i2- 

Then by the Poincare-Birkhoff-Witt theorem we obtain a basis of the universal 
enveloping algebra U{n): 

■^02 ('^l) ' ' ' ■^012 ('^s)'^Q!i (^l) ' ■ ■ ■^ai ('^r)'^ai+02 (^l) ' ' ' ■^ai+a2 (^p) 

with rii < ■ ■ ■ < Ug, mi < ■ ■ ■ < rur and h < - - - < Ip. 

We shall refer to the expressions x^^ (mi) ■ ■ ■ x^^ {rrir) with mi, . . . , rrir G Z and 
7i, . . . , 7r G {ai, Q!2, ai + 02} as the (noncommutative) monomials in U{n). 

Remark 3.2 Consider the monomial 

■^02 ('^l) ' ' ' "^0-2 ij^s)XQ^^ {jYlx) ■ • • Xai (^TT'r)2^ai+02 (^l) ' ' ' ■^01+02 (^p) 

with mr,lp < — 1, a homogeneous (with respect to the weight grading) basis ele- 
ment of U{n). By using the Lie brackets this monomial can be written as a linear 
combination of monomials (mi^2) ••• 2:0,2 ("ir2,2)2;ai ("ii,i) ••• a^ai (w-ri,!) °f ^he 
same weight, such that mi^2 < ■ ■ ■ < ^r2,2, < ■ ■ ■ < n-n,! < —1; and elements 
of the left ideal U{n)n^ . This result was proved and exploited in |Glj . 

Remark 3.3 Note that any homogeneous element a G U{n) of nonpositive weight 
lies in f/(n)n+. Indeed, a can be written as a linear combination of monomials of 
the same weight, and by using brackets if necessary, we see that each monomial 
lies in C/(n)n+. 

Next we will show that only certain monomials of the form 

Xa2 ("1-1,2) ■■■Xc2 {mr2,2)Xai ("ll,l) ' ' ' Xai ("T-ri.l) S U (S) 

applied to the highest weight vector v\. are needed to span the principal subspace 
W{Ai), i = 0, 1,2. We will first do a straightforward computation for any m G Z, 

Xa2il)xai{m) - Xa2{0)xai{m + 1) = X ai {m) X a2 {'^) " Xai{m + l)xa2(0) G t/(n)ia+, 

and this observation leads to the following: 
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Lemma 3.1 Let ri,r2 > 1 and let mi_2, • • • , ^r2,2, nT-i,i, ■ ■ ■ , ?^ri,i be integers such 
that < • • • < "1^2,2 and mi^i < • • • < nir^^i < —1. Assume that 771^2,2 ^ fi- 
Then 

("11,2) • ■■Xa2{m {mi^i)---Xai{mri^i) (3.17) 

is a linear combination of monomials of the same weight as I^'^.IT] ), 

X012 (^1,2) ■ ■ ■ -^02 

), (3.18) 

with 

m'l 2 < • • • < m[.^ 2 < n - 1, "I'l 1 < • • • < m',^ 1 < -1, (3.19) 

anrf monomials ofU{n)n^. In particular, any homogeneous element ofU{n) can 
be written as a sum of two homogeneous elements, one such that the sequences of 
integers satisfy ^3.19\) and the other an element o/[/(n)n^. 

Proof: We may assume that the monomial p.l7p has positive weight. (Oth- 
erwise, it hes in U{n)n~^ by Remark 13.31 ) We first show that for any integers 
mr-2,25 ^TZi^i, . . . ,mr^,i such that m^^,! > ri and m-i^i < ■ ■ • < mr-i,i < —1 we have 

Xa2 (^r2, 2)2^01 

(mi,i) • • •Xoi(mri,i) 

r2,2 ^jXai 

(mi,i) ■■■Xai {mt,l + 1) • • • {mr^^i) 

t=l 

r\ 

+ ^ a^aj (771^2^2 — 2)xc^(mi^i) • • • Xai(ms,i + 1) • • • Xa^{mt^\ + 1) • • ■ Xa^ (?Tij.j 1 ) 

+ (-l)''iXa2("T'r2,2 " n)2;ai(mi,i + 1) • ' ' Xai(m,.,_i + 1) G C/(n)n+. (3.20) 

Indeed, we use the brackets to move Xo2("ir2,2 — i) for < i < ri to the right 
of their corresponding monomials. At each step we cancel the similar terms with 
opposite signs (note the alternation of the signs in (|3.20p ). Thus the monomial 
Xa2 ^('^T2,2)X(x^ ) is a linear combination of monomials 

Xa2 ('^r2,2)^ai (^^1,1) ' ' ' ^cei (™ri,l)' 

where m^^ 2 — ~ ^ ^^'^ ^1 1 — ' ' ' "^'1 1 — ~^ ^^'^ monomials of C/(n)n+. In 
particular, this proves the lemma when r2 = 1. 

Now assume that r2 > 1. We multiply each Xa2 ("i^^ 2)^01 i^i 1) ' " ^^i ("^n 1) 
to the left by Xq2("Ii,2) ■ • • Xa2('n'r2-i,2) and arrange the indices of the sequence 
mi^2, • • • 1 n^r2-i,2,iTT-'r2 2 a nonincreasing order from right to left. If all indices of 
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this sequence are less than ri then we are done. Assume that there is at least one 
index which is greater than ri — 1. We apply the same strategy as in the previous 
case and we obtain the desired conclusion after a finite number of steps. □ 

We also have: 

Lemma 3.2 Let ri,r2 > 1 and mi.2, ?Ti.r2 .2) •••) "^n,! be integers such 
that 2 < • • • < nT'r2,2 o-^d mi^i < • • • < JiT-rj^i < —1, and consider 

Xa2 (w.1,2) ■■■Xa2 imr2,2)Xai ("T-l,!) ' ' ' G ^^(n)- (3.21) 

1. Assume that 771^2.2 ^ ^i- Then Ii3.21\) is a linear combination of monomials 
of the same weight 

(m'l^a) ■■■Xa2 {m'r2,2)^a^ [m'^^i) ' ' ' {m'^^^^) (3.22) 

with 

and monomials ofU{n)n~^ and 0/ C/(n)xaj (— 1). 

2. Assume that ^ ri — 1. Then 13. 21\) is a linear combination of mono- 
mials as in Its. 22\) such that 

< ■ ■ ■ < m'^2,2 < n - 2, mi,i < • • • < m'^^ i < -1, 

and monomials in U{n)n'^ and in {7(tx)xQ,2 (— 1). 

In particular, the assertions (1) and (2) hold for homogeneous elements. □ 

Since the proofs of Lemmas 13 . 1 1 and 13 . 21 are similar, we omit the proof of Lemma 

[321 

In view of the above results we see that for i = 0, 1, 2 the principal subspaces 
W{A.i) are spanned by 

2:02 ("^1,2) ■ ■ ■ Xa2{'mr2,2)XaA'^l,l) ' ' ' ^^ai ("^ri,l) ' V^^, (3.23) 

such that 

fni,2 < • • • < '^r2,2 <ri — 1 — 5i^2, and mi_i < • • • < m^j,! < — 1 — (3.24) 

Inspired by |LW3j we introduce the following strict linear ordering. It is a 
lexicographical ordering on the cartesian product of two ordered sets of sequences 
of lengths r and s. 
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Definition 3.1 Let r and s be positive integers and mi, . . . ,mr+s integers such 
that 

"T-l < ■ ■ ■ < '^r+l < ■ ■ ■ < (3.25) 

and 

nil + ■ • • + rrij. + m^+i + • • • + = A: (3.26) 

for a fixed integer k. Let m'^^, . . . , m^,, m^^^^, . . . , ni'^j^g be another sequence of inte- 
gers which satisfies the conditions (j3.25p and (j3.26p . We write 

(m'l, . . . ,m^,m^+i, . . . ,m^+J < (mi, . . . ,mr,m^+i, . . . ,mr+s) 

if there exists t G with 1 < i < r + s such that m'l = mi, . . . , m[_^ = rrit-i and 
mj < mt. 

If we require in the previous definition that mi < • • • < nir < k' and m^+i < 
• • • < rrir+s ^ k" for some fixed integers k' and k" then there are only finitely many 
sequences which are less than the initial one in the lexicographical ordering. We 
say that the set of monomials 

{xa2 (mi) • • • {mr)xai (m^+i) ■■■Xai (m^+s)} 

with 

^1 < • • • < iTT-r, ""T-r+i < ' ' ' < ^T-r+s, and mi + • • • + m^+s = k 

is linearly ordered by "<" if we use Definition 13.11 for their corresponding sequences 
of indices. 

Let mi^25 • • • ) nT-r2,2, ^1,1, ■ ■ ■ nT-n,! G ^- We say that the monomial 

("1-1,2) • ■■Xa2{m (mi,l) ■■■Xa^ ("^ri,l) 

satisfies the difference two condition if the sequences mi^2 • • • ; ?^r2,2; n-i,!, ■ ■ ■ i "T-n,! 
satisfy the difference two condition, i.e., 

ms,2 — ^ 2 for any s, 2 < s < r2 

and 

mt^i — mt_i^i > 2 for any t, 2 < t < ri. 

Lemma 3.3 Let ri,r2 > 1 and mi^2, ■■■ ,^r2,2,nT'i,i, ■■■ ,^^^1,1 be integers such 
that mi^2 < • • • < w-r2,i ^ ''I — 1 CLiT'd mi^i < • • • < m,.j^i < —1. T/ien 

M = Xa2 ("1-1,2) • • • a^aa {'mr2,2)Xai ("T-l,l) " ' ' a^ai ("1-ri,l) 
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can be expressed as 

M = Mi + M2 + M3, 

where Mi is a linear combination of monomials satisfying the difference two con- 
dition, M2 e J, M3 e U{n)n+, and where wt Mi = wt M2 = wt M3 = wt M. In 
particular, any homogeneous element ^ G U{h) satisfying the above conditions for 
their corresponding sequences of integers is a linear combination of the elements 
$i,$2)^3) where <I>i a linear combination of monomials that satisfy the difference 
two condition, ^2 ^ J and ^3 G C/(n)n+, and such that ^, $1, •3>2 and ^3 have 
the same weight. 

Proof: Assume that M has positive weight. If wt M < then M G ?7(n)n"'~ by 
Remark 13.31 In order to prove this lemma we study four situations. 

Case I. Assume that there is at least one index in the sequence mi^2 • • • , "^r2,2, 
say ms^2, such that ms,2 + rni,i > 0. We move (771^,2) to the right of M 
by using brackets. Observe that M decomposes as a sum of monomials which 
end in Xai+a2{^s,2 + • • • , a;Q:i+02("^s,2 +"^r-i,i) and Xa2{'ms,2)- Note that 

n^s,2 + fni,i, ■ ■ ■ 1 i^s,2 + "ifj^i, 771^,2 > 0. Hence M G U (n)fi"'". 

Case II. Suppose that r2 > ri and that at least ri + 1 indices of the sequence 
mi_2) • • • ) are nonnegative. Without loss of generality we may and do assume 
that 771^2-^1.2) • • • ,^r2.2 ^ 0. As in the previous case, M can be written as a sum 
of monomials which end in Xq,2 (7773^2) for 1^2 — ri < s < r2. Since each 77is_2 ^ 0, 
thus M G f/(tx)n+. 

Before we analyze the remaining situations we would like to show that any 
monomial of fixed positive weight a;Q,(r77i) • • • XQ,(r77j.), such that 7711 < • • • < 777^ < 
— 1 and a = tti or (a = 02) is a linear combination of elements in the ideal J 
generated by Rt = (or Rt = R^f^) for i < modulo {7(fi)n+, and monomials of 
the same weight which satisfy the difference two condition. 

We start with the first (from right to left) pair of consecutive indices (7r7s_i, 777^) 
of the sequence (7771, . . . , 777^) such that 777^ — 777^-1 < 1. We replace this pair by 

^ Xa(r77^_i)a;„(777'J 

with 777^_^ + m'g = rus-i + mg- Thus 

Xa{fni) ■ ■ ■ 3^0,(771^)—^^ ^m2^a(777i) • • • Xaim'g_i)xa{rn'g) ■ ■ ■ Xairtir) G modulo U (n) 
m 

where m = {mi, . . . , m'g_i,m'g, . . . , mr) and are constants. We arrange the 
indices of m in a nonincreasing order from right to left and we observe that each 
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sequence m is less than the initial one {mi, . . . ,mr) in the lexicographic order. 
Applying the same procedure, in a finite number of steps, we are able to write 
linear combination of monomials which satisfy the difference 

two condition and elements in the ideal J modulo U{n)n~^. 

Case III. Suppose that mi_2 < ■ • ■ < ^r2,2 < —1- We proceed as above and use 
Rf- to obtain 

(m'l 2) • • • ^a2("T'r2,2)^ai("^i,i) ■ ■ ■ ^ ^ modulo U{n) 

m2, nil 

where , rrii are constants and 

012 = (m'l 2, • • • , ^'s,2 - ^'s-1,2 > 2 for 2 < s < r2, m^^,! ^ "1 

and 

mi = (mi_i, . . . , mr-i,i), mi_i < • • • < m^i^i < —1. 

Then we use the expressions r]^^ with t < to make difference two among the 
indices of the sequence mi. The conclusion follows. 

Case IV. Now assume that there is at least 1 and at most ri nonnegative 
integers in the sequence ?n.i^2 5 ■ ■ ■ , ?^r2,2- In this case it is essential to use first R[ ' 
for t < 2ri — 2, to make difference two among mi^2) • • • 1 'm-r2,2- If our new sequences 
have indices 771^^2 such that ms^2 ^ i"! we apply Lemma [3. II and we also apply Case 
I if ms^2 + w-i,! ^ for 1 < s < r2. Hence, we have 

M- ^ Am2,miXa2{m[ 2) ■ ■ ■ Xa2{m'r2^2)xc>i{'m'i i) ■ ■ ■ Xaiim'^^ i) e J+U{n}h+, 
ma, mi 

where Ama, mi are constants and 

m2 = (m'l 2 . . • 2)> ^i = (m'l 1, . . . ,m',j 1), 

"T-'l 2 ^ ■ ■ ■ ^ "^ra 2 ^ ^1 ~ 1) "^s 2 ~ ^-'s-l 2 ^ ^ for 2 < S < r2, 

and 

< • • • < "T-ri,! - 

Notice that the sequences (m2, mi) are less than (mi^2, ■ ■ • , rnr2,2, ■ ■ ■ , "iri,i) 
in the lexicographic ordering " < ". In order to finish the proof of this case 
we use the expressions i?^^ for t < — 2 to make difference two among the indices 
m'l 1 , . . . , m'j.^ 1 . We finally observe that in all situations the weights of Mi , M2 , M3 
equal the weight of M. □ 

As an illustration of the technique used in the proof of the previous proposition 
we give a typical example. 
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Example 3.1 We show that the monomial 

M = x„2(0)xa2(l)xai(-3)3;Q,,(-3) 

of weight 5 has the decomposition stated in Lemma 13.31 
First we apply Case IV to write M as follows: 

M = Xqi(-3)xq,i(-3) - Xq2(-1)xq2(2)xq,i(-3)x„i(-3) - iV, 
with A'^ G f/(n)n+ by Case I. By using Lemma |3. II we have 

Xa2 ( 1)^«2 (2)Xq,j ( 3)Xqj^ ( 3) 

= 2xq.2 (—1)2;q,2 (1)3^01 ( 3)xaj^(— 2) 
+x«2 (-1)2;q2 (0)a;Qi (-2)xq,^ (-2) + P, 

where P G C/(n)n"''. Finally, we observe that 

( l)2^a2 (f ( 3)Xcjj ( 2) 

( 1)3^02 iX^'^oLi ( ( 1) 

and 



Xa.2 

(-l)x„2(0)xai(-2)x„,(-2) 

(-2)x„,(-2) - x„2(-2)x„2(l)iiLi 

+2x^2 ( 2)Xq2 {X)Xai ( 3)Xq,j ( 1) 

where both formulas are modulo [/(n)fi+. Therefore, we have obtained the decom- 
position M = Ml + M2 + M3, where Mi is a linear combination of 

Xo2(-l)2;a2(l)2;ai(-4)a;ai(-l) and Xo2(-2)xQ,2(l)xQ,i(-3)xai(-l), 

M2 G J and M3 G ;7(sjs+. 

The proof of the next result is completely analogous to the proof of Lemma 



Lemma 3.4 Let ri,r2 > 1 and mi^2, ■ ■ ■ ,iTT-r2,2,''TT-i,i, ■ ■ ■ ,n^ri,i be integers such 
that mi^2 < • • • < "ir2,i fl'^^ f^i,! < • • • < TOti,!, ("^f^ consider 

M = Xa2{mi^2) ■ ■ ■ Xa2imr2,2)XaA'fni,l) ' ' ' X ai {mrj^ ,l) ■ 
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1. If nir^^i < —2 and m^j,! < — 1 we have 

M = M1+M2 + Ms + M4, 

where Mi is a linear combination of monomials which satisfy the difference 
two condition and which do not end in Xa-^{—l), M2 G , S C/(n)n+ and 
M4 G C/(n)xai(— 1). We also have that Mi, M2, M3, and M have equal 
weights. 

2. If nir^^i < —1 and ^71^2,2 < ^"2 — 2 then 

M = M1 + M2 + Ms + M4, 

where Mi is a linear combination of monomials which satisfy the difference 
two condition and which do not end (-1), M2 £j, MsG C/(n)n+ and 

M4 € C/(n)xQ2(— 1). We also have that Mi, M2, M3, M4 and M have equal 
weights. 

In particular, (1) and (2) hold for homogeneous elements. □ 

The next result shows, in particular, that if the element Mi from Lemma 13.31 
belongs to the ideal Iaq then it must be zero (recall (j3.4p ). To prove this result, 
we follow an idea developed in |G1] . which involves the linear maps yd^^^^x) for 
i = 1,2. See the end of Section 2 above for the relevant properties of these maps. 

Lemma 3.5 Let ri,r2 > 1 and mi = (rn-1^1, . . . , m^^^i) and m2 = {mi^2i ■ ■ ■ ^r2,2) 
be sequences such that they satisfy the difference two condition, and m^^A < — 1 
and mr2,2 1^ fi — 1. If the following homogeneous element of positive weight: 

Arn2,miXa2imi^2)---Xa2{'mr2,2)Xai{'>ni^l)---Xadmrj^^l) (3.27) 

belongs to the ideal then all constants ^mj, fni equal zero. 
Proof: Since (I3.27P belongs to Iaq, 

, IH\Xa2 

(mi_i) ---Xa^ ("2ri,l) • -i^Ao = 0. (3.28) 

m2, mi 

We will prove by induction on weight k = — (mi_2 + • • • ""1^2,2 + fni^i + • • • + m,.j^i) 
that all coefficients ^m2, mi are zero. Note that A; > rf + — rir2 > for all 
''I) ''2 > 1- Equation ()3.28p is equivalent with 

^m2, m'^ a; 0,2(7711,2) ••• Xa2("T- (7771, 1) • • • a^ai (-1) • Ao (3.29) 

m2, m'^ 

+ ^m2,ra'lXa2{'mi,2) ■ ■ ■ Xa2{'mr2,2)Xai{'^l,l) ■ ■ ■ Xa^rnr^^l) -VAq = 0, 

m2, m'/ 
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where m'^ = (mi^i, . . . , — 1) and m" = (mi^i, . . . , mr^^i) with m^j^i < —2. The 
sum of the indices of m'^ equals the sum of the the indices of m'^', and both equal 
the sum of the indices of the sequence mi. 

We apply the linear map yc{e^^,x) to both sides of (|3.29p . use the properties 
(|2.22|) and (|2.24|) of this map, and then we use (|2.16|) to move e'^'i to the left of the 
expression. Finally multiply by the inverse of e^^ and obtain: 

Aui2, m'/a:^a2 ("1-1,2) • ■ ■ Xa2imr2,2)Xaiimi^i + 1) • • • Xai(mri,l + 1) • VAo = 0, 

m2 m" 

where rrir^^i < —2. Since this is a sum of homogeneous elements of weight less 
than k applied to uaq by induction and by we obtain A^^^ = 0- 

As for the remaining part of (j3.29p . 

^m2, m'l^^Qa ("1-1,2) ••• a^a2("T- (mi^i) • • •Xai(-l) • WAo = (3.30) 

m2, m'l 

we use the fact that (—1) • va^ = e"^ and move to the left of the expression 
(|3.3Up so that we obtain 

XI ^m2, m;a:^a2("T-i,2-l) • ' ' (mr2,2-l)2;ai ("t-i,i+2) • • • (mri_i,i+2)-UAo = 0. 
m2, m'^ 

(3.31) 

Now we apply the linear map 3^c(e'^^ , x) to the both sides of ()3.3ip , use its properties 
and move e^'^ to the left, so that we get 

^m2, m;2;a2("^i,2) • • •a;a2(mr.2,2)xai("T-i,i + 2) • • • x„i(m.r^_i,i + 2)-UAo = 0. 

m2, m'^ 

The induction hypothesis combined with (j3.1ip implies ^m2, m'^ = 0- This con- 
cludes the proof of the lemma. □ 

We have an analogous result and its proof reduces to the proof of that of 
Lemma 13.51 

Lemma 3.6 Let ri, r2 > 1 and mi = (mi^i, . . . , m-j-^^i) and m2 = (?tii^2) • • • "^^2,2) 
be sequences such that they satisfy the difference two condition 

1. Assume that ra^^^i < —2 and ?7ir2,2 < ^^i — 1- If the following homogeneous 
element of positive weight: 

^m2,miXa2("T-l,2)---Xa2("T-r2,2)Xai(mi,l)---Xai(mri,l) (3.32) 

nh, ni l 

belongs to the ideal /aj then all constants Am2, rrii equal zero. 
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2. Assume that nir^^i < —1 and ?n.r2,2 ^ fi — 2. If the following homogeneous 
element of positive weight: 

mi 3^02 ("^1,2) (mi,i) • • •Xai(mri,i) (3.33) 

m2, nil 

belongs to the ideal If^^ then all constants Am2, nii equal zero. 
Proof: Since (|3.32p lies in /a^ and (|3.33p lies in I/^,^ then 

Yl ^m2 , IIll^CV2 ("T'1,2) • • • Xa2{'mr2,2)Xai{'mi^i) ■ ■ ■ Xaiimn^l) ■ f = (3.34) 

m2, rrii 

and 

Yl ^m2 , nil 2^02 

■ ('^r2 ,2)^01 

(mi^i) • • • 2;q,^ ("iri,i) • ■UA2 = 0. (3.35) 

m2, mi 

By using (|2T^ and (l2J6]l we get: 

Y ^^2 ("^1,2) (mi_i + l)---Xai {mri^l + 1) • VAo = 
m2, nil 

(3.36) 

and 

Y , nii3^cv2 ("1-1,2 + 1) • • • a^a2(™'r2,2 + '^)Xai{mi^i) ■ ■ ■ XQ,i(mri,l) • UAq = 
m2, nil 

(3.37) 

which imply that all coefficients are zero by using Lemma 13.51 □ 

Finally, we have all the necessary prerequisites to prove the theorem which 
describes the left ideals of U{n) for i = 0, 1, 2. 

Proof of Theorem \3.1\ The square of the vertex operator y(e"^ , x) with j = 1, 2 
is well defined (the components (^n.), m € Z of Y{e°^^ ,x) commute) and equals 
zero on L(Aj) for i = 0,1,2. In particular, the square operator y(e"^ , x)^ is zero 
on W(Ai). The expansion coefficients of Y{e"^,x)'^ and Y{e°'^,x)'^ are r\^^ and 
i?f 1 for t G Z: 

y(e"Sx)2 = ^( x^Ami)xaAm2)] x-'-^ (3.38) 

and 

y(e°^a;)2 = ^( ^ x^^ (m^x^^ ("^2) J x-*-^ (3.39) 
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Thus 

JcIk, modulo ?7(sjs+ for i = 0,1,2. (3.40) 

We also have 

Xa^{—1) ■ iiAi = and Xq,2(— 1) • vj^^ — 
(recall (|2J2]) and ([236]) ). Hence 

f/(n)x«^.(-l) C /a^. for j = 1,2. (3.41) 

Now by (f3:i0|) with i = 1, 2 and (fOT]) we have 

J + C/(n)xc,^.(-l) C /a^. modulo U{^+ (3.42) 

for j = 1,2. 

We now prove the inclusion 

/Ao C J modulo [/(sjs+. (3.43) 

Let us take an element $ of Iaq • By Remark 13.11 we may and do assume that 
$ is homogeneous with respect to the weight grading. We shall prove that <I> is 
in J modulo [/(tx)n+. Suppose that wt $ > 0. Otherwise, by Remark 13.31 we 
have $ G U{xi)x\^ . Lemma |3 . 1 1 applied to the homogeneous element implies that 
$ = $' + $", with G U{n)n+ and 

,IIli 3^02 

(mi^i) • • ■ XQ,^(mr;^,i), (3.44) 

m2, mi 

where the sequences m2 = (mi^2) • • • , ^r2,2) and mi = (mi^i, . . . , mr.1,1) have the 
properties: 

nT-1,2 < • • • < "T'r2,2 1^ fi — I and mi^i < • • • < 'm.-n,! < — 1- 

Note that both and are homogeneous and have the same weight as In 
Lemma 13.31 we have shown that 

= + + 

where $1 is a linear combination of monomials that satisfy the difference two 

condition, <I>2 ^ ^ and $3 G C/(n)n+. Moreover, $2 and $3 have the same 
weight as Since 

= $ - - - 
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by using (j3.40p for i = we get ^[ G Iaq modulo C/(n)n+. Lemma [3.51 implies 
= 0. In conclusion we obtain <^ € ^7 modulo C/(fi)ti+. 

By using Lemmas 13. 2( 13.41 13.61 and imitating the proof of the inclusion (|3.43p 
we obtain the inclusions 

Ia^ C J + U{n)xa^{-1) modulo (3.45) 

for j = 1, 2, and thus we prove our theorem. □ 

Assume now that g = sl(/ + 1) with / > 3. As we mentioned earlier, the 
proof of a presentation for the principal subspaces W{Ai) of the standard modules 
L(Aj), where i = 0,...,l is completely analogous to the proof of Theorem 13.11 
We observe that all the results that we have just obtained in the case / = 2 have 
obvious generalizations for all / > 2. Indeed, the only simple root vectors that fail 
to commute with one another are those corresponding to consecutive roots on the 
Dynkin diagram (recall that [x^. (m), x^^- (n)] = if |i — j[ > 1 for i,j = 
and m,n Z). Thus we have results similar to Lemmas 13. II and 13. 2[ Furthermore, 
by using the expressions Rf and Rf.^ for 1 < j < I and m, t £ Z we obtain results 
analogous to Lemmas 13.31 and 13.41 The linear maps yde^^ ,x), j = 1, . . . , / and 
their relevant properties ( (|2.22p and (j2.24p ) are the main ingredients in order to 
prove results similar to Lemmas 13.51 and 13.61 Recall from the beginning of this 
section the two-sided ideal ^7 of U{n) generated by for j = 1, . . . , / and t G Z. 
Thus we obtain a presentation of the principal subspaces of the level 1 standard 
sl{l + l)-modules: 

Theorem 3.2 The annihilator of the highest weight vector of L{Aq) in U{h) is 
described by: 

Iao = J modulo C/(S)S+. (3.46) 

The annihilators of the highest weight vectors of L{Aj) in U{n) are described as 
follows: 

Ia, = J + U{n)xa,{-1) modulo C/'(sjs+ (3.47) 
for any 1 < j < I- □ 

A crucial consequence of Theorem 13.21 is the following corollary, which gives 
the discrepancy among the ideals /a^ for i = 0, . . . ,/. This result will be used in 
the proof of the exactness of our sequences of maps among principal subspaces in 
the next section. 

Corollary 3.1 For any integer j with 1 < j <l we have 

lA,=lAo + U{n)x^d-l). □ (3.48) 
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Remark 3.4 All the results proved in this section simplify substantially in the 
case of 5[(2), i.e., / = 1. By combining these results we obtain a proof of a 
presentation of the principal subspaces of the level 1 standard s[(2)-modules that 
is different than the one given in |FS1| - [FS2] . 

4 Exact sequences and recursions 

In this section we obtain a complete set of recursions ((/-difference equations) that 
characterize the graded dimensions of the principal subspaces of the level one 
standard modules for s[(/ + 1) by setting up / exact sequences for these principal 
subspaces. 

The space Vp has certain gradings. The natural action of the Virasoro algebra 
operator L(0) on Vp gives a grading by weight and this is a Q-grading. We have 
wt(e'*') = ^(A,A) € Q for any A E P. The weight of h{—n), viewed as either 
an operator or as element of C/(()), equals n for any n € Z and /i S f). See 
Section 3 for further details about the grading by weight. The space Vp has also 
gradings by charge, given by the eigenvalues of the operators Xj (thought as Aj(0)) 
for j = 1, . . . ,1. These gradings are Q-gradings compatible with the grading by 
weight. The charge with respect to Xj of c*"*, viewed as an operator or as an 
element of L{Ak), is (Aj,Afc). We shall restrict these gradings to the principal 
subspaces W{Ai) for i = 0, . . . , L 

Let ri, . . . , r; be nonnegative integers. For mi^i, . . . , mr^^i, . . . , mi^i, . . . , mj.^,i 
integers the elements: 

(mi,i) ■■■Xa^ (m^i,i) ■ ^'Ao e W{Ao) (4.1) 

and 

Xai ("T-1,/) ■■■Xai {mri^l) ■ ■ ■ Xo,^ (^-1,1) ■ ■ ■ X^,^ (?7lri,l) ' ^Afe ^ W {kk) (4.2) 

have weights —mi^i — ■ ■ ■ — 771^,1 and —rrii^i — ■ ■ ■ — rrir^^i + ^(Afc, Afc), respectively. 
Their charges with respect to the operator Xj are Vj and Vj + {Xk,Xj) for all 
j,k = l,...,l. 

Now for any i = 0, . . . ,1 we consider the graded dimensions of the principal 
subspaces W{Ai) (the generating functions of the dimensions of the homogeneous 
subspaces of W{Ai)): 

Xi{xi,...,xi;q) =dim^{W{Ai),xi,...,Xi;q) = ...xf'q^'-°\ (4.3) 

where xi, . . . ,xi and q are formal variables. These generating functions are also 
called the characters of the principal subspaces W{Ai). 
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Notice that 

Xo{xi, ...,xi;q)e C[[xi, . . .,xi;q]]. 

To avoid the multiplicative factors xf"^'^^"^ ■ ■ ■ xf'''''^^\^^^^'^^\ where j = 1,. . . ,1 
we use slightly modified graded dimensions as follows: 

X^xi, ...,xi;q)= ■ ■ ■ . . .,xi;q). (4.4) 

Thus we have 

X'j{xi,...,xi;q) G C[[xi, . . . ,xi,q]]. 

We shall also use the following notation for the homogeneous subspaces of W{Aj) 
with respect to the above gradings: 

W{Ajy^,,,„,ri;k = ^(Ai)ri + (Ai,A,>,...,ri+(A,,A,);fc+l/2(A,,A,), (4-5) 

where j = I, . . . ,1 and ri, . . . ,ri,k > 0. 

We now use certain maps corresponding to the intertwining operators y{e^^ , x), 
where j = 1, ... ,1 in order to get relations between the graded dimensions of W{Aj) 
and W{Ao). 

Consider the linear maps 

e^j :Vp — ^Vp 

for any j = 1, . . . ,1. Clearly, they are isomorphisms with e~^^ as their inverses. 

Proposition 4.1 The following relations among the graded dimensions of the 
principal subspaces l^(Ao), W(Ai), ... , W{Ai) hold: 

x'i{xi,X2,...,xi;q) = Xo{xiq,X2, . . . ,xi;q), (4.6) 

x'2{xi,X2,...,xi;q) = Xo{xi,X2q, . . . ,xi;q), (4.7) 

x'i{xi,X2, ...,xi;q) = Xo{xi,X2, xiq; q). (4.8) 

Proof: We restrict the isomorphism e^^ to the principal subspace W{Ao) of L{Aq). 
We have 

e'^'^Xai {rn) = Xai {rn — l)e^^ , 
e^^Xa^ (m) = Xaj (m)e^i , for j = 1, . . . , Z 
on Vp for m G Z. We also have 



28 



Thus 

{Xai (mi^i) ■■■Xai ■ ■ ■ Xa^ {mi^i) ■ ■ ■ Xa^ (mri,l) ■ ^Ao) (4-9) 

= Xai (rrii^i) ---Xai (m-r,,/) ■ ■ ■ x^^ (mi,i - 1) ■ ■ ■ x^^ ("^ri,i - 1) • ^^Ai 

for mi^i, . . . , nfiri^u ■ ■ ■ , • • • , ?7iri,i G ^- Then we obtain 

: W{Ao) — > W{Ai), (4.10) 

a hnear isomorphism. 

The map e'^^ does not preserve weight and charges. Let VF(Ao)ri,...,r;;A: be an 
homogeneous subspace of Ty(Ao) with ri, . . . , r;, > 0. We observe that the map 
gAi increases the charge corresponding to Xj by (Ai, Xj) for all j = 1, . . . ,/. Now 
for any w G W^(Ao)ri,...,r;;fc the element e'^^(w) has weight A; + ri + l/2(Ai,Ai). 
Thus we obtain the following isomorphism of homogeneous spaces: 

e^^ : VF(Ao)n,...,n;fc ^ VF(Ai);^,...,,,^,+,^ (4.11) 

(recall ()4.5p for notation) , which proves the relation between the graded dimensions 
of W{Ai) and W{Ao) 

x'i{xi,X2, ...xi;q)= Xo{xiq, X2, • • . , xf, q). 

The remaining relations of this proposition are proved similarly by using the 
restrictions of the linear isomorphisms e^^ to M^(Ao) for all j = 2, . . . , / . □ 



Remark 4.1 One can view the map e ^ : VF(Ao) — > W{Aj) from the previ- 
ous proposition as essentially the "constant factor" of the intertwining operator 
3^(6"^^ , x) for any j = 1, . . . ,1. 

Now we consider the weights A-' = aj — Xj and the linear isomorphisms 

e^' :Vp — >Vp (4.12) 

for all j = 1, . . . , I. The restriction of (j4.12p to W{Aj) is the linear map 

e^' : W{Aj) — > W{Ao). (4.13) 

By using ()2.16p and 

e^^ = Xc,^{-1) ■ VA„ (4.14) 
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which follows from the creation property of the vertex operator y(e°% x), we have 
e^'' {xai {mi^i) ■■■Xai {mr^^i) ■ v\. ) (4.15) 

for any i, j = 1, . . . ,1 and mi i, . . . , rur-^i G Z. 

Recall from the end of Section 2 the constant terms of the intertwining oper- 
ators y{e^^,x) : L{Ao) — > L{Aj){x}, denoted by yde'^'^jx). The restriction of 
yc{e^^,x) to W{Aq) is a well-defined linear map between principal subspaces: 

yde^^x) : Ty(Ao) W{Aj). (4.16) 

The main result of this paper is the following theorem, giving / exact sequences 
of maps among principal subspaces. The relevant properties of intertwining op- 
erators and the result about the defining ideals for the principal subspaces from 
Section 3 (Theorem 13. 2p will be the main tools for proving this theorem. 

Theorem 4.1 Recall the linear maps e^^ and yc{&^^ iX) introduced above (see 
\4-13\) and The sequences of maps between principal subspaces 

W{Ai) i W{Ao) w{Ai) 0, (4.17) 

W{A2) i l^(Ao) ^^^'""^ W{A2) 0, (4.18) 

W{Ai) i W{Ao) ^^i!^'^'^ ^(A;) (4.19) 

are exact. 

Proof: We will prove that the sequence (j4.17p is exact. One can show similarly 
that the other sequences are exact. 

The map is clearly injective. Indeed, for any w G VF(Ai) such that (w) = 
we get = by the bijectivity of e'^ : Vp — > Vp. Using the properties (|2.22p 
and p.24p of the linear map 3^c(e'^S^) we obtain 

W{Ai) = U(n) ■ VA, = U{n) y^e^' , x) ■ va, 
= yc{e^\x) U{n) ■ VAo = yc{e^\x) W{Ao), 

and this proves that yde^'^^^x) is a surjection. 
Now we show that 

Ime^' C Ker3^c(e^\x). (4.20) 
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Let w £lm . By (j4.15p we observe that w = v ■ vaq with v G U{n)xaj^{—1)- We 
apply yc{e^^,x) to w, use its properties together with 

Xai(-l) • VAi = Xai-1) ■ = e^^XaiiO) ■ VAq = 0, 

and thus we obtain 

yc{e^\x){w)=0. 

This proves the inclusion (j4.20p . 
It remains to prove 

Ker y^e^' , x) C Im e^' . (4.21) 

In order to prove this inclusion we will first characterize the spaces Ker yde^^x) 
and Im . Let w be an element of Ker yc{e^^,x). Since w G W{Ao) we have 
w = /Ao(n) with u G U{n) (recah ([33])). By using (l2:22l) . (f2:2i]l and <^ we 
obtain 

yc{e^\x) /A„(n) = ^ /A,(tx) = ^ 7x G /a,. 
We have just shown that the space Ker yc{e'^^,x) is characterized as follows: 

w = /ao (u) G Ker y,ie^' , x) ^ u G /a^ • (4.22) 

Let w G Im e'^^ . Then = raa^(— 1) • va^ with t> G U{n) (see (|4.15p ). On the 
other hand, since w G W{Aq), we have t(; = /ao(^) with n G L''(fi) (recall (13. Sp ). 
Thus 

/Ao(u) = VX„i(-l) -VAo = fAo{vXaii-l)), 

which is equivalent with 

U - VXai{-l) G Iao- 

Therefore we have obtained 

w = fAoiu) elme^' <^ueU{n)xaA-^)+lAo- (4-23) 

The descriptions of the vector spaces Ker yc{e^^,x) and Im e'^^ ( (j4.22p and 
()4.23p ) combined with formula ()3.48p from Corollary 13.11 prove the inclusion ()4.2ip . 
and therefore the exactness of sequence (j4.17p . □ 

Remark 4.2 Notice that (I4.22|) . (I4.23P and Corollary 13. II prove also the inclusion 
Im C Ker yc{e^^,x). This inclusion follows easily, for a different reason, as we 
have seen in the proof of Theorem 14.11 We do not have an elementary proof of the 
inclusion Ker yde^^jx) C Im e'^ that does not use the description of the ideals 
/a, for i = 0, . . . , /. 
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As the main consequence of the previous theorem we obtain a complete set of 
recursions for the graded dimension Xoi^ij ■ ■ ■ ^xi;q) of W{Aq): 

Theorem 4.2 The graded dimension of the principal subspace W{Aq) satisfies the 
following recursions: 

Xo{xi,. ..,xi;q)= Xo{xiq,X2,X3, . . . ,xi;q)+xiqxo{xiq^,X2q^'^,X3, . . . ,xi_i,xi;q), 
Xoixi, ...,xi;q)= Xo{xi,X2q, X3, . . . , xi; q) + X2qxoixiq~^ , X2q^ , x^q~^, ...,xi;q), 

Xo{xi, ...,xi;q)= xo{xi,X2,X3, xiq; q) + xiqxo{xi,X2, X3, . . . , x^g^; q). 

Proof: We will prove the first recursion of this theorem. The other recursions 
follow similarly. 

Consider the linear map (j4.13p when j = 1- Since 

e'^\xai{mi^i) ■ ■ ■ Xai{mr^^i) ■ UAi) (4.24) 
= Xaj^{mi^i - 1) • • • x„i(mri,i - l)x„i(-l) • VAo, 

e^\xai{mi^2) ■ ■ ■ Xa2imr2,2) ' VAi) (4.25) 
= Xai (mi,2 + 1) • ■ ■ (mri,2 + l)Xai ("1) ' ^Ao 

and for any j = 3, . . . ,1, 

e^' {xa^ (mij) ■ ■ ■ Xa^ (mr^j) ■ ) (4.26) 

= X„^.(mij) • • • X„i(mrjj)Xa,(-l) • UAo, 

where mi^j, . . . , m^.^j G Z and i = l,...,l, we have the following map between 
homogeneous spaces with respect to the weight and charge gradings: 

e^' : WiAiy,^^,,^^,^.^ WiAo)r,+i,rr,...,n;k+r,-r,+i (4.27) 

(recall our notation (j4.5p ). 

By using ([222]) and ([224]) we observe that 3^c(e^\ a;) is of weight l/2(Ai, Ai), it 
increases the charge corresponding to the operator Xj by {Xj, Ai) for any j = 1, . . .1. 
This gives us the linear map between the homogeneous spaces 

yc{e^\x) : W{Ao)r,,r,,...,rr,k W{Aiy,^^,^_,^.,. (4.28) 
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Now the exactness of the sequence (|4.17p imphes 

Xo{xi,X2,xs, ...,xi;q) 
= x'i(2;i;a;2,a;3, ■■■,xi;q) 

+xiqx'i{xiq,X2q~^,X3, . . .,xi;q), 

and this combined with formula (j4.6p gives us the recursion 

Xo(a;i,a;2,a;3, ■■■,xi;q) 

= Xo{xiq,X2,xs, ...,xi;q) 

+xiqXo{xiq'^,X2q~^,xs, ...,xi; q). □ 



The next remark is a reformulation of the recursions in terms of the entries of 
the generalized Cartan matrix of sl(/ + 1). 

Remark 4.3 The recursions from Theorem 14.21 can be expressed as follows: 

Xo{xi,...,xi;q) = xq{xi, ■ ■ ■ ,{xjq) ^ , . . . ,xi;q) (4.29) 

^33 

+ {xjq)~Xo{xiq'''^ , X2q"''^ , x^q"^^ , Xiq''^';q), 
where A = {aij)i<:ij<i is the Cartan matrix of the Lie algebra s[(Z + 1). 
For any nonnegative integer m we use the notation 

{q)m = il-q){l-q')---il-qn; 

in particular, 

{q)o = 1. 

Now by solving the recursions from Theorem 14.21 and by using Proposition 14.11 
we obtain the graded dimensions of W{Aq), W{Ai), . . . , W{Ai): 

Corollary 4.1 The graded dimensions of the principal subspaces of the level 1 
standard 'g-modules are given by the following formulas: 

v-^ g^^H \-rf-r2r1 r;r;_i ^ 

Xo{xi, ■ ■ ■ ,xi;q) = 22 r\ r\ x^i-'-xp (4.30) 

ri,...,n>o WM---WJn 



and 

q 



rf-\ \-rf+rj-r2ri nn-l 



X'j{xu...,xi;q) = V — — x^^---xp (4.31) 
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for any j = 1, . . . ,1. In particular, we have 

X,(xi, ...,xi;q)= xf"'^^ ■ ■ ■ xl'"'^\ii^^'^^^ x'M^ ■ ■ ■,xi;q). (4.32) 
Proof: Define ^ri,r2,...,n (q) G C[[q']] by 

Xo{xi,X2,...,xi;q) = ^ Ari^r2,...,ri{q)xYxl'' ■ ■ ■ x"^' . 

ri,r2,...ri>0 

By solving the first recursion of Tlieorem 14.21 we obtain 

q2ri-l-r2 qrf-r2ri 

Ai,r2,...,n(g) = — Ai_i,r2,...,n(g) = • • • = Ar2,...,n(g) (4.33) 

for all ri > 1 and r2, . . . , n ^0. 

The second recursion of Theorem 14.21 gives 



y2_ 



q2r2-l-{ri+rs) ^, _ 

^ri,r2,...,ri{<l) = T— — ,r2-l,...,n (9) = ••• = --^ Ar-^fl^r3,...,ri{<l) 

^ Q \Q)r2 

(4.34) 

for all r2 > 1 and ri, rs, . . . , r; > 0. In particular, if we take ri = in (j4.34p we 
get 

r|-r3r2 

(q). (4.35) 

Wjr2 

The formula for ^o,o,r3,...,ri(9) will be derived from the third recursion as follows: 

grl-r4r3 

Aofi,r3,...,rM) = ^o,o,o,r4,...,n(g). (4.36) 

We continue this procedure for the remaining recursions. Finally the last re- 
cursion of the Theorem 14.21 yields 

^ri,...,n_i,n('?) = fTT^n '^ri,...,ri_i,ri{q) = ■■■ = ^ ^ri,...,n_i,o(Q') 

(4.37) 

for all ri, . . . , r;_i > and r/ > 1. Thus 

Ao_o,n{Q) = T^Ao,..M- (4-38) 

Note that Ao,o,...,o(9) is the dimension of the homogeneous space consisting of 
the elements of charge zero with respect to Ai, A2, . . . , A;. This space is C and so 
Ao,...,o{q) = 1. 
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Therefore, by combining the above results we obtain the graded dimension of 
the principal subspace W{Aq), 

Eqi'i^ — h'ff-r2ri — nn-i ^ 
n r\ ^? ■ ■ ■ • (4-39) 

Now the formulas (j4.3ip and (j4.32p follow from Proposition 14.11 and from the 
equation (j4.4p . respectively. □ 
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